We study the second-order phase transition (SOPT) for the spherically symmetric KehagiasSfetsos (KS) black hole in the deformed Hǒrava-Lifshitz gravity by applying the methods of equilibrium and non-equilibrium fluctuations. We find that, although the KS black hole has only one mass parameter as the usual Schwarzschild ones, the SOPT will take place if the mass of the KS black hole changes across the critical point √
I. INTRODUCTION
It is well known that the non-renormalizable of gravity is a large challenge for Einstein's gravity theory. Recently, Hǒrava [1] [2] [3] proposed a new class of quantum gravity which is non-relativistic and power-counting renormalizable. The key feature of this theory is that the space and time exhibit Lifshitz scale invariance t → b z t and x i → b z x i with z > 1. It is this anisotropic rescaling that makes Hǒrava's theory power-counting renormalizable. In the IR region such a Hǒrava's theory can reduce to the well-known Einstein gravity. Therefore, a lot of attention has been focused on this gravity theory [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] .
In general, the IR vacuum in Hořava's theory is anti de Sitter (AdS) spacetimes. In order to obtain a Minkowski vacuum in the IR sector, one can add the term "µ 4 R" in the action and then take the Λ W → 0 limit. This does not change the UV properties of the theory, but it alters the IR properties. Making use of such a deformed action, Kehagias et al [10] obtain the asymptotic flat spherically symmetric vacuum black hole solution which has two event horizons. The heat capacity is positive for the small KS black hole and it is negative for the large one. It means that the small KS black holes are the stable in the Hořava's theory.
The result imply that there exists the distinct differences between the KS black hole and the Schwarzschild black hole.
The investigation of SOPT of black hole is helpful to explore the black hole's property [20] - [22] . To the best of our knowledge, there is no report about investigation for SOPT of the KS black hole in the deformed Hǒrava-Lifshitz gravity. On the other hand, there is a paradox about where the SOPT is taken place for a long time. Some authors [23] [24] [25] [26] argue that the SOPT is taken place when C → ∞ by applying thermodynamical equilibrium fluctuations.
The other [27] calculated the non-equilibrium fluctuation of mass and entropy and found that these fluctuations diverge when r + → r − and they are finite when C → ∞. So they put forwards that the SOPT of KS black hole takes place where r + → r − rather than where C → ∞. In this paper, we will address these question carefully by studying the SOPT of the KS black hole [10] in the deformed Hǒrava-Lifshitz gravity using the methods of equilibrium and non-equilibrium fluctuations.
The paper is organized as follows. In Sec. II, we give a brief description of solution in the deformed Hǒrava-Lifshitz black hole spacetime. In Sec. III, we calculate a SOPT point by using the method of equilibrium fluctuations. In Sec. IV, we make use of the non-equilibrium thermodynamic fluctuations and find a SOPT point that is just the same point as we find in Sec. III. We present our conclusions and make some discussions in the last section. Throughout, we shall set c = G = = k = 1.
II. RIGOROUS SOLUTION IN DEFORMED HǑRAVA-LIFSHITZ GRAVITY
In the Hǒrava theory, a deformed action of the non-relativistic renormalizable gravitational theory is given by [10] 
(1)
where κ 2 , λ, µ, w and Λ W are constant parameters, K ij is extrinsic curvature in the (3 + 1)-dimensional ADM formalism
and C ij is the Cotton tensor
Taking the Λ W → 0 limit and letting λ = 1, it was found that the speed of light, the Newton constant are described by the following relations [10] 
A static and asymptotically flat KS black hole was found in [10] which has the following form
with
where ω = 16µ 2 κ 2 and M is an integration constant related to the mass of the KS black hole.
The outer (inner) horizons are given by
The corresponding Hawking temperature and heat capacity are [28] T 
where T o is determined by (9) .
The fluctuation probability p is
We know from the definition of heat capacity that
where heat capacity C is determined by (10) .
Because | ∆ǫ |≤ B, the variation of the mass ∆M may be expressed as [25] |
With Eqs. (12), (14) and the condition of normalized
we find that the fluctuation probability p can be rewritten as
Making use of Eqs. (14) and (16), we can get the mean square fluctuation of M
In the same way, we obtain
We observe from Eqs. (9), (10), (17) and (18) that (∆S) 2 → ∞ and (∆M) 2 → ∞ when C → ∞. In other words, at the point C → ∞, even if we add the small perturbation of M to black hole, the fluctuations of mass and entropy of the KS black hole will become so large that we can't describe it with a normal equilibrium state. Thus, when the heat capacity changes from positive to negative, we think that the KS black hole changes from a phase into another phase and the critical point lies at √
. It is a SOPT point because the entropy of the KS black hole is continuous at this critical point. On the other hand, when r + → r − , Eqs. (17) and (18) lead to (∆S) 2 → 0, (∆M) 2 → 0. It means that when the KS black hole has a small deviation from equilibrium state, all thermodynamic fluctuations goes to zero under the condition that r + → r − , and then the KS black hole will come back to the initial equilibrium state. So we think the SOPT of the KS black hole in the deformed Hǒrava-Lifshitz gravity doesn't occur as r + → r − but C → ∞.
IV. NON-EQUILIBRIUM FLUCTUATION FOR KS BLACK HOLE IN DE-FORMED GRAVITY
In Landau and Lifshitz fluctuational theory [29] , thermodynamical parameters and entropy in an arbitrary thermodynamical system will change as variation of time. In order to describe the variation of the entropy, we introduce a new physical quantity called the rate of entropy production which can be expressed asṠ
whereχ i is flux of a given thermodynamic quantity χ i , and X i is thermodynamical force which is the conjugate quantity of the thermodynamical flux χ i . In the KS black hole, its mass parameter M, will be changed because of radiation of the black hole in the real physic background. The ratesṀ for all emission processes can be written aṡ
where f is dimensionless coefficient and can be calculated numerically.
The rate of entropy production of the KS black hole [10] is written as specificallẏ
In a general fluctuation-dissipative process, the fluxχ i is given bẏ
where the quantity Γ ik is the phenomenological transport coefficient which is defined as
In non-equilibrium thermodynamic theory, we always make use of a second moment to describe the fluctuations of a thermodynamic quantity in a system. The second moments in the fluctuations of the flux obey
where angular bracket denotes the mean value with respect to the steady state, and the fluctuation δχ i is spontaneous deviation from the steady-state value χ i . If the second moment tends to infinite at a certain point, we think a phase transition occurs in the system.
From Eqs. (21), (23) and (25), we can get the phenomenological transport coefficients
Substituting (27) into (26), we find the second moment for mass M
The second moments of entropy S and temperature T can be expressed as
δṪ δṪ = δṀ δṀ
As r + → r − , we find from Eqs. (28) , (29) , (30) and (31) that
These equations show that all second moments of the KS black hole tend to zero when r + → r − , i.e., all thermodynamic fluctuations vanish under this condition. Thus, the phase transition does not occur in the KS black hole as r + → r − .
On the other hand, when the heat capacity C = ∂M ∂T → ∞, according to Eqs. (28) and (29), we have
It is obvious that these second moments tend to infinite when heat capacity is discontinuous.
Thus, the thermal non-equilibrium fluctuations of some thermodynamical quantities are divergent. According to the theory of thermal non-equilibrium fluctuation, we can draw a conclusion that a phase transition of the KS black hole occurs when C → ∞. The phase transition is SOPT since the entropy of the thermodynamical system is continuous.
In this paper, we investigate the SOPT of the KS black hole [10] in the deformed Hǒrava-Lifshitz gravity by using the thermal equilibrium and the thermal non-equilibrium fluctuation methods, respectively. We find that as the heat capacity goes to infinity the mean square ) and the SOPT can taken place for the KS black hole in the deformed Hǒrava-Lifshitz gravity. In this sense, there is difference between the Hǒrava-Lifshitz gravity and the usual general relativity.
